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Abstract
We investigate the holographic description of a superconductor constructed in the (2+1)-
dimensional AdS soliton background in the probe limit. We study the holographic properties
through both analytical and numerical methods. With analytical methods, we are the first to
obtain the exact formula for critical phase transition points as µc = 1 +
√
1 +m2. Around the
transition points, we find a correspondence between the value of the scalar field at the tip and the
scalar operator at infinity. We also generalize the front properties to holographic models in higher
dimensional AdS soliton spacetime. Moreover, we examine effects of the scalar mass on stability of
phase transitions with numerical methods. With m2 ∈ (−0.38, 0], we arrive at the classical second
order insulator/superconductor phase transition. Surprisingly, there is no stable superconducting
phases in cases of m2 ∈ (−1,−0.38]. In other words, superconductor only exists in a certain range
of the scalar mass in the (2+1)-dimensional AdS soliton spacetime, which is very different from
properties in other spacetime.
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2I. INTRODUCTION
The AdS/CFT correspondence provides us a novel method to analyze a strongly interacting gauge field
theory with weakly coupled AdS gravity. It claims that a d-dimensional conformal field theory on the boundary
is related to (d+1)-dimensional AdS spacetime in the bulk [1–3]. According to this correspondence, holographic
metal and superconductors transition systems have been constructed in the background of AdS black hole
using AdSd+1/CFTd correspondences with d = 2, 3, 4 · · · [4–6]. These gravitational duals have attracted a lot
of attentions for their potential applications in condensed matter physics, for references see [7]-[25].
Besides the AdS black hole, another gravitational configuration AdS soliton with the same boundary topol-
ogy was obtained by a double Wick rotation of the AdS Schwarzschild black hole [26]. Recently, the holographic
insulator and superconductor transition model was also established in the background of five dimensional AdS
soliton [27]. It was shown that if one include a scalar field and a Maxwell field coupled in the AdS soliton,
there is second order phase transition at a critical chemical potential, above which the non-zero scalar op-
erator turns on. The analysis was performed in the probe limit or the backreaction of the matter fields on
the metric was neglected. Considering the backreaction of the matter fields on the soliton background, a first
order phase transition was observed when the backreaction is heavy enough [28]. For other progress, please
see [29–31]. The gravity duals have also been investigated in four dimensional AdS soliton [32]. Up to now,
holographic superconductors have been constructed in four dimensional or higher dimensional AdS soliton.
The existence of a lower dimensional AdS3/CFT2 dictionary depends upon the string theory. But in fact,
AdS3/CFT2 correspondence is proved to work well in studying the holographic superconductor in the three
dimensional AdS BTZ black hole [6, 33–37]. So it is interesting to extend the discussion to three dimensional
AdS soliton to examine holographic properties.
Most of holographic properties were obtained based on numerical solutions since equations of motion are
nonlinear and coupled. Lately, analytical methods were also applied to study properties of holographic phase
transitions, such as the Sturm-Liouville variational, the small parameter perturbation and the matching
methods, for references see [38–45]. These analytical approaches were proved to be useful to search for critical
phase transition points and also qualitative properties. For example, it showed that the critical chemical
potential decreases as we choose a more negative mass in the background of AdS soliton [46–48]. Since there
is usually much more richer potential physics behind an exact formula, we plan to give the critical chemical
3potential as a function of the scalar mass in exact expression with fully analytical methods in this work.
This work is organized as follows. In section II, we construct a holographic superconductor model in the
three dimensional AdS soliton background in the probe limit. Part A of section III is devoted to the study of
holographic phase transitions by analytical methods. In part B of section III, we further explore properties
of phase transitions with numerical superconducting solutions. We summarize our main results in the last
section.
II. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS
We begin with the simple Abelian Higgs model in AdS3 spacetime containing a Maxwell field and a scalar
field coupled in the form
L = −1
4
FµνFµν + |∇ψ − iqAψ|2 −m2|ψ|2, (1)
where Aµ and ψ are the Maxwell field and charged scalar field respectively. m
2 is the mass of the scalar
field, which plays an essential role in the condensation. And q is the charge of the scalar field coupled to the
Maxwell field.
We choose the background of the standard three dimensional AdS soliton as [26]
ds2 = l2 dr
2
f(r) − r2dt2 + f(r)dχ2, (2)
where f(r) = r2 − r20 and l is the radius of AdS spactime. In order to get rid of the conical singularity r0, we
impose a period χ ∼ χ+ 2piL
r0
on the coordinate χ [26].
The other matter fields of interest are as follows
A = φ(r)dt, ψ = ψ(r)e−iωt.
Using the symmetry ψ → ψeiat, φ → φ + a
q
, we set ω = 0. With these assumptions, we obtain equations of
motion from the action
ψ′′ +
(
f ′
f
+
1
r
)
ψ′ +
q2l2
r2f
φ2ψ − m
2l2
f
ψ = 0, (3)
φ′′ +
(
f ′
f
− 1
r
)
φ′ − 2q
2l2ψ2
f
φ = 0. (4)
Since the equations are coupled and nonlinear, we solve these equations by numerically integrating them from
the tip r0 out to the infinity.
4In the following numerical calculation, we scale l unity with the symmetries
l→ al, (t, χ)→ a(t, χ), q → q/a, m→ m/a, (5)
which leads to ds2 → a2ds2. Multiplying the density (1) by q2 and preforming the rescalings ψ → ψ/q and
φ→ φ/q, we can take q = 1 without loosing generality in the following discussion.
These equations are also invariant under the scaling
r → ar, (t, χ)→ (t, χ)/a, φ→ aφ, f → a2f (6)
which can be used to set r0 = 1 and leave the metric ds
2 unchanged.
We choose m2 above the BF bound m2BF = − (d−1)
2
4 = −1, where d is the dimension of the spacetime [49].
Near the AdS boundary (r →∞), the asymptotic behaviors of the scalar and Maxwell fields are
ψ =
ψ−
rλ−
+
ψ+
rλ+
+ · · ·, φ = µ+ ρ ln(r) + · · ·, (7)
where λ± = 1 ±
√
1 +m2. µ and ρ are interpreted as the chemical potential and charge density in the dual
theory respectively. We will fix ψ− = 0 and the phase transition in the dual CFT is described by the operator
ψ+ =< O+ > in the following discussion.
III. THE SCALAR CONDENSATION IN ADS SOLITON
A. Analytical methods in holographic phase transitions
It was revealed in Ref.[27] that when the chemical potential exceeds a critical value, the condensation will
set in. This procedure was interpreted as insulator/superconductor transitions. The critical value of the
chemical potential is the turning point of a superconductor phase transition. In this part, we use analytical
methods to investigate the critical value of the chemical potential of holographic superconductors in the probe
limit. As usual, we firstly introduce a new variable z = 1
r
. Then equations of the scalar and Maxwell fields
can be written as
ψ′′ +
(
f ′
f
+
1
z
)
ψ′ +
φ2
z2f
ψ − m
2
z4f
ψ = 0, (8)
φ′′ +
(
f ′
f
+
3
z
)
φ′ − 2ψ
2
z4f
φ = 0. (9)
5At the phase transition points, ψ(z) = 0. So equation (9) can be set as
φ′′ +
(
f ′
f
+
3
z
)
φ′ = 0. (10)
We choose a simple solution φ = µ at the phase transition point, where µ is the chemical potential. When
the first scalar operator is fixed as < O− >= 0, the second scalar operator ε =< O+ > is small close to the
critical point. Following the perturbation scheme in [48], we introduce the scalar operator as an expansion
parameter
ε =< O+ > . (11)
Note that, in the perturbation method and close to the critical point, our interest is in the solutions with
small charge density or ρ ≈ 0. We choose the expansions as
µ = µ0 + ε
2µ1 + · · · . (12)
These assumptions imply the relation < O+ >∼ (µ−µc)β with β = 12 . The relations were already analytically
achieved in the s-wave holographic insulator/superconductor phase transition in higher dimensions [46, 48].
This critical exponent β = 12 for the condensation value and µ− µc is the same as the mean field theory and
also in accordance with our numerical data in part B. By fitting the numerical date in the next part, relations
of the scalar operator with respect to the critical chemical potential near phase transition points are derived
as < O+ >≈ 3.5
√
µ− µc for m2 = 0 and < O+ >≈ 4.0√µ− µc for m2 = − 110 .
We also have ψ ∼ ε, for reference see [39]. Putting (12) into (8) and considering the 1-order of ε, we get
ψ′′ +
(
f ′
f
+
1
z
)
ψ′ +
µ20
z2f
ψ − m
2
z4f
ψ = 0. (13)
Choosing m2 = 0, we find the solution of (13) as
ψ = C1M [z] + z
2C2H [z]. (14)
where
M [z] =MeijerG[{{0, 0}, {1− µ0/2, (2 + µ0)/2}}, {{0, 1}, {0, 0}}, z2], (15)
H [z] = Hypergeometric2F1[1− µ0/2, 1 + µ0/2, 2, z2]. (16)
When m2 6= 0, the solution of (13) is in the form
ψ = z1−
√
1+m2D1H1[z] + z
1+
√
1+m2D2H2[z]. (17)
6where
H1[z] = Hypergeometric2F1[
1
2
− µ0
2
−
√
1 +m2
2
,
1
2
+
µ0
2
−
√
1 +m2
2
, 1−
√
1 +m2], z2], (18)
H2[z] = Hypergeometric2F1[
1
2
− µ0
2
+
√
1 +m2
2
,
1
2
+
µ0
2
+
√
1 +m2
2
, 1 +
√
1 +m2], z2]. (19)
H [z], H1[z] and H2[z] are the Gauss Hypergeometric function 2F1 and M [z] is the Meijer G-function. C1,
C2, D1 and D2 are integration constants. Considering the boundary condition ψ =< O+ > z
1+
√
1+m2 around
z = 0, we set C1 = 0, D1 = 0. On this assumption, we have ψ = Dz
1+
√
1+m2H2[z] with D as the constant. In
order to make H2[z] finite as z → 1, we simply take 12 − µ02 +
√
1+m2
2 = 0,−1,−2,−3, · · · . In particular, we
choose the minimal µc = µ0 = 1 +
√
1 +m2 as the critical chemical potential and the larger ones correspond
to higher energy states, which is exactly supported by numerical results. From the formula µc = 1+
√
1 +m2,
it is clear that µc becomes smaller as we choose a more negative scalar mass m
2. It means the more negative
mass makes the condensation more easier to happen. Since H2[z] ≡ 1 for µc = µ0 = 1 +
√
1 +m2, we find
the approximate expression for the scalar field as ψ =< O+ > z1+
√
1+m2 around the phase transition points.
That leads to the correspondence ψ0 =< O+ >, where ψ0 is the value of the scalar field ψ at the tip. Here
we have simply related the value ψ0 at the tip to the operator < O+ > in the infinity boundary theory. We
will further examine this property in part B with numerical solutions.
In the following, we will show that our formula is astonishing precise. We compare our analytical and
numerical data in Table I. The first column is the critical chemical potential obtained by numerical shooting
method and the second column represents the critical chemical potential from our analytical formula. The
last column is with the corresponding scalar mass. We integrate the equations in the range of [ 9991000 ,
1
1000 ]
with a small value ψ0 =
1
1000 at the tip to get our numerical data. Considering the facts that we have chosen
r = 1000 as the infinity boundary and the numerical method itself also has computing error, we state that
the expression µc = 1 +
√
1 +m2 is just the right form instead of an approximation formula.
TABLE I: The critical chemical potential together with the scalar mass in three dimensions
µc(Numerical) µc = 1 +
√
1 +m2 m2
2.000000 2 0
1.948684 1.948683 − 1
10
1.894428 1.894427 − 2
10
1.836661 1.836660 − 3
10
1.000100 1.000100 −1 + 1
108
Mention that µc = 1 +
√
1 +m2 = 1 +
√
m2 − (−1) and m2BF = −1 for three dimensions. This formula
7implies that the critical chemical potential depends on the difference of m2−m2BF . We generalize the formula
to higher dimensions as µc ≈ a +
√
m2 −m2BF , where a stands for the critical chemical potential when
m2 → m2BF . We take the background of the five-dimensional AdS soliton for example, which has been studied
a lot through numerical methods. The critical chemical potential for different values of the scalar mass was
also calculated with S-L analytical method [46]. For five dimensions, there is m2BF = −4. We simply take
µc ≈ a+
√
4 +m2 and fix a = 1.400. The first column is our numerical date, the second column is with our
approximate formula and the last column is the corresponding scalar mass. It can be easily seen from Table
II that the approximate formula works well for various sets of parameters.
TABLE II: The critical chemical potential together with the scalar mass in five dimensions
µc(Numerical) µc ≈ 1.400 +
√
4 +m2 m2
3.404 3.400 0
2.901 2.900 − 7
4
2.396 2.400 − 12
4
1.888 1.900 − 15
4
1.406 1.401 −4 + 1
103
B. Numerical results in holographic phase transitions
After solving the differential equations numerically, we explore properties of phase transitions and plot the
scalar operator as a function of the chemical potential in the left column of Fig. 1 with various m2 as m2 = 0
(upper left), m2 = − 110 (bottom left). For the two left panels, there is a critical chemical potential µc, above
which there is superconducting phase and the scalar operator increases as we choose a larger chemical potential
around the phase transition points. In addition, it is clearly from the picture that more negative scalar mass
corresponds to smaller critical chemical potential or makes the scalar condensation more easier to happen.
These properties are similar to four dimensional and higher dimensional cases in Ref.[27, 32, 47, 48]. We also
exhibit the charge density with respect to the chemical potential in the right column. We see that the lines
are straight or ρ ∼ (µ− µc) around the phase transition point, which is also in agreement with former results
in [27, 47, 48].
Surprisingly, when we choose the scalar mass m2 = − 510 in Fig. 2, the scalar operator increases as we
choose a smaller chemical potential, which is not suitable to describe the insulator/superconductor system
[27]. We refer this unphysical behavior as retrograde condensation, which suggests that the superconducting
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FIG. 1: (Color online) The phase transitions with various m2. The left column shows scalar operators as a function of
µ and the right column represents the charge density with respect to µ. The two top panels are the cases of m2 = 0
and the two bottom panels are with m2 = − 1
10
.
phases are unstable. This phenomenon is very different from holographic models in the background of other
spacetime. More detailed calculation shows that there is superconducting phases for m2 ∈ (−0.38, 0] and
when m2 ∈ (−1,−0.38], there is no superconducting phase. In summary, the superconducting phase lives only
in a certain range of the scalar mass in this model.
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FIG. 2: (Color online) The scalar condensation with m2 = − 5
10
. We plot scalar operators as a function of µ in the left
panel and the right panel is devoted to the charge density with respect to µ.
Now we turn to study the specific form of ψ in Fig. 3. Except for the analytical approximate expression
ψ =< O+ > z1+
√
1+m2 , we can also obtain the numerical solutions by shooting methods. We find the curves
obtained from different approaches almost coincide with each other and the approximate expression is very
effective, especially for m2 = 0. When approaching the phase transition points or < O+ >→ 0, the expression
becomes more precise.
Inspired by the analytical results in part A, we study the scalar operator with respect to the value of the
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FIG. 3: (Color online) We show the behaviors of the scalar field ψ(z). The blue curves represent numerical solutions
with ψ0 =
1
10
and the red curves are obtained from ψ =< O+ > z1+
√
1+m2 with < O+ >= 1
10
. The left panel is the
case of m2 = 0 and the right panel corresponds to m2 = − 1
10
The blue curve almost coincides with the red curve in
both panels.
scalar field at the tip in Fig. 4. The analytical result ψ0 =< O+ > around the critical chemical potential
is also supported by numerical results in Fig. 4. For example, in case of m2 = − 110 , we have ψ0 = 1100 ,
< O+ >= 0.0100 and ψ0 =
1
10 , < O+ >= 0.1006. For the equation (13) with coefficients depending on z,
this property ψ0 =< O+ > is nontrivial since ψ0 is the value of the field and < O+ > is the operator. More
general relation ψ0 ≈ C < O+ > with C as a constant seems to hold in other backgrounds. For example, our
numerical data in the right panel shows that ψ0 ≈ 0.64 < O+ > holds around the phase transition point in
the five dimensional AdS soliton. Besides AdS soliton spacetime, we also examine this correspondence in five
dimensional AdS black hole, it appears to be ψ0 ≈ 0.22 < O+ > around the phase transition points.
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FIG. 4: (Color online) We plot ψ0 with respect to the scalar operator < O+ >. The left panel is the case of m
2 = − 1
10
in three dimensional AdS soliton and the right panel is with m2 = − 15
4
in five dimensional AdS soliton. Blue solid
lines are with superconducting states. We also add the red dashed curve ψ0 =< O+ > as a comparison.
IV. CONCLUSIONS
We investigated a gravity dual in the background of three dimensional AdS soliton in the probe limit.
We studied properties of the holographic superconductors by both analytical and numerical methods. In
particular, we are the first to obtain the exact formula of the critical chemical potential as µc = 1+
√
1 +m2.
10
Since this formula is astonishing precise and seems to be just the right form, we hope for much more richer
physics explanation behind this formula in the future. As we have showed, this formula can be generalized
to higher dimensions as µc ≈ a +
√
m2 −m2BF with the parameter a depending on backgrounds. It means
more negative mass corresponds to a smaller critical chemical potential and makes the scalar condensation
more easier to happen. In addition, the formula shows that the critical chemical potential depends on the
difference ofm2−m2BF . Around the phase transition points, our analytical analysis showed that ψ0 =< O+ >,
which relates the value of the scalar field ψ0 at the tip to the scalar operator < O+ > at infinity. By fitting
the numerical data near the transition points, we generalized the correspondence into other spacetime as
ψ0 ≈ C < O+ >, where C is a constant depending on the metric. With m
2 ∈ (−0.38, 0] around the
phase transition points, we arrived at the relations < O+ >∼ (µ − µc)β with β = 12 , which is the same
as the mean field theory implying the phase transition is of the second order . In this case, the gravity
system describes insulator/superconductor transitions similar to higher dimensional cases. Surprisingly, there
is unusual retrograde condensation for −1 < m2 6 −0.38, which suggests that the superconducting phases are
unstable. In other words, we have no superconductor in cases of −1 < m2 6 −0.38. In summary, our results
show that the superconducting phase lives only in a certain range of the scalar mass in the three dimensional
AdS soliton. This property is very different from cases in other background, such as the three dimensional
BTZ black hole and other higher dimensional spacetime.
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